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This paper presents the analysis of SEIR epidemic model with time delay. We assumed that the susceptible individuals obey the logistic equation with saturated nonlinear incidence term with susceptible. The disease free equilibrium is stable locally asymptotically when ܴ < 1 and unstable equilibrium exists, when ܴ > 1. Forܴ > 1, the endemic equilibrium is stable locally as well as globally. Finally, the numerical solutions for the theoretical results are presented.  Keywords:	SEIR epidemic model Reproduction number Global stability Numerical results © 2016 The Authors. Published by IASE. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/). 
		
1.	Introduction *In mathematical epidemiology, the constructing and study of models that describe the disease information about the spread and control the infectious disease is the most important major research area of biology. The first who introduced the model is called the ”SIR”, S-I-R (susceptible, infected, recovered) in 1927 by Kermack and McKendrick (1927). They described a simple SIR model in a closed population over time and incorporated the theoretical number of infected individuals with a contagious disease. The dynamic process between the susceptible and infected individuals is the disease transmission. The analysis and behavior of the SIR type models is greatly influenced by which the transmission among the infective individuals and susceptible are modeled. Often, the epidemiological models are based on the so-called mass action (Anderson et al., 1991). The models, in which realistic transmission functions are used by authors have faced some problems but consequently gained much attention (Ruan and Wang, 2003; Xiao and Ruan, 2007). Study of mathematical models incorporating the exposed class plays important role in epidemiology due to importance of incubation period of such diseases, like Dengue fever (3 to 14) days. In 
                                                 * Corresponding Author.  Email Addresses: altafdir@gmail.com (M. Khan), shujaatuom21@gmail.com (S. Ali), saeedislam@awkum.edu.pk (S. Islam) http://dx.doi.org/10.21833/ijaas.2016.07.008 2313-626X/© 2016 The Authors. Published by IASE.  This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/) 

epidemiology the incubation period or latency can be modeled by adding the exposed class to the model to understand its behavior and dynamics (Gubler, 1988). In Gubler (1988), the delay SIR and delay SEIR models and the comparison for the reproduction number were presented. In literature, the delay differential equations have been used for a variety of models such as, SIR, SEIR, SIS and SIRS. An S-I-S epidemic model with the constant time delay has been studied by Hethcote and Van den Driessche (1995), admitting the duration of infectiousness. Beretta et al. (2001) studied the global stability in SIR epidemic model with distributed delay which described the time taking for an individual to lose infection. Further, with the effect of time delay on the stability of an endemic equilibrium has been studied by Song and Cheng (2005). They provided the conditions in which the stability of endemic equilibrium exists for all delays. Mathematical models that describe epidemiology are widely used for the analysis of global stability of infection free and endemic equilibrium. Many authors worked on the infectious diseases such as Berezovsky et al. (2005), Esteva and Matias, (2001) Greenhalgh (1992), Hsu and Zee (2014), Yi et al. (2009), Zhang et al. (2008) and the references therein. In this work, we study an epidemic SEIR model with the information variable. The work of Kar and Mondal (2011) motivated us for current study, and incorporated the E(t) (exposed Class) to our new model, and studying the model with the new information variable. By incorporating this class, the analysis of SEIR model with information variable will be more interesting for readers and researchers. 
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The structure of the paper is as follow: We formulate the model in Section 2. In Section 3, we present the local stability for the model. In Section 4, we find the global stability of the endemic equilibrium. The numerical solution of the model is presented in Section 5. Finally, discussion with conclusion is presented in Section 6. 
2.	Model	constructions	We consider a mathematical model of the type (Eq. 1):  ௗௌௗ௧ = Γܵ(1 − ௌ) − ఉௌூଵାௌ ,ௗாௗ௧ = ఉௌூଵାௌ − ܧߤ − ௗூௗ௧,ܧଵߤ = ܧଵߤ − ܫଶߤ − ௗோௗ௧,ܫߤ = ܫଶߤ − ,ܴߤ

                                               (1) 
 with initial conditions (Eq. 2):  ܵ (0) = ܵ ≥ 0, (0)ܧ    = ܧ ≥ 0, (0)ܫ    = ܫ ≥0,    ܴ(0) = ܴ ≥ 0.                                                      (2)  Here, ܵ(ݐ) is the density of susceptible within the population,(ݐ)ܧ is the density of exposed individuals (ݐ)ܫ is the infected and ܴ(ݐ) is the density of recovered. ߤ shows the natural death rate of the population, ߚ represents the disease contact rate and Γ is the intrinsic growth rate. The exposed individuals infected at a rate of ߤଵ and move to the class of the infected. The recovery rate from infection is shown by ߤଶ and ݇is the carrying capacity of the susceptible. The saturation term which measures the inhibitory effect is shown by ܽ. Here, we use the new variable ܼ, known to be the information variable that collects information for the disease present state, i.e. depending on present values and some previous values of the state variables. Many authors used this variable in their model such as D’Onofrio et al. (2007), D’Onofrio, Manfredi (2007), Buonomo et al. (2008), Kar and Mondal (2011). We take the formula (Eq. 3):  ܼ (ݐ) =  ݂௧ିஶ (ܵ(߬), ݐ)ܭ((߬)ܫ − ߬)݀߬                     (3)  here ݐ)ܭ − ߬) represents the delaying kernel (Wang et al., 2014), the distributed delay is ߬, that shows  for any time t the susceptible, S, the exposed people, E, and infected people, I can be affected with these variables S, E and I, possibly, at some previous times߬ ≤ ߬. In this work, we assume ݃(ܵ, (ܫ = ܵ, and ݐ)ܭ − ߬) = ଵ்   :భ(௧ିఛ), where T shows the average delay of the summarized information and also concerning the historical memory on the concern disease. With these assumptions, the following system is presented (Eq. 4)ିݔ݁

ௗௌௗ௧ = Γܵ(1 − ௌ) − ఉௌூଵାௌ ,ௗாௗ௧ = ఉூଵା − ܧߤ − ௗூௗ௧,ܧଵߤ = ܧଵߤ − ܫଶߤ − (ݐ)ܼ,ܫߤ =  ݂௧ିஶ (ܵ(߬), ݐ)ܭ((߬)ܫ − ߬)݀߬,ௗோௗ௧ = ܫଶߤ − ,ܴߤ
                    (4) 

 the system (4) is in the form of the non-linear Integro-differential system. By transformation, we can write it in the form of non-linear ordinary differential equations (Eq. 5):  ௗௌௗ௧ = Γܵ(1 − ௌ) − ఉௌூଵାௌ ,ௗாௗ௧ = ఉூଵା − ܧߤ − ௗூௗ௧,ܧଵߤ = ܧଵߤ − ܫଶߤ − ௗௗ௧,ܫߤ = ଵ் (ܵ − ܼ),ௗோௗ௧ = ܫଶߤ − ,ܴߤ
                                               (5) 

 in system (5), the last equation is independent of the rest, so we omit it, because R depends only on I. So the model becomes (Eq. 6):  ௗௌௗ௧ = Γܵ(1 − ௌ) − ఉௌூଵାௌ ,ௗாௗ௧ = ఉூଵା − ܧߤ − ௗூௗ௧,ܧଵߤ = ܧଵߤ − ܫଶߤ − ௗௗ௧,ܫߤ = ଵ் (ܵ − ܼ),
                                               (6) 

 where  Γ, ,ߚ ݇, ܽ, ,ߤ ,ଶߤ ܶ > 0.  
3.	Stability	analysis	In this section, we present the local stability analysis of the system (6). In the subsection (3.1), we present the local stability of disease free and the subsequent section (3.2) we find the local stability of endemic equilibrium. 
3.1.	Disease	free	stability	The disease free equilibrium point of system (6) is (Eq. 7). 
Theorem: An unstable equilibrium exists for All ܶ > 0 at  ܧത. 
Proof: At the equilibrium point ܧത, the Jacobean matrix is (Eq. 8). The eigenvalues associated to ܬ(0,0,0,0) are, Γ, ߤ)− + ,(ଵߤ ߤ)− + ݀݊ܽ  (ଶߤ − ଵ். This proves the instability of the system at ܧതଵ. 
Theorem: If ܴ < 1, the jacobian matrix at ܧതଵ is locally asymptotically stable for all T>0. 
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Proof:	 The jacobian matrix at ܧതଵ is (Eq. 9). The eigenvalues associated to Jacobian matrix at ܧതଵ are,−Γ, − ଵ் , ߤ)− + − ݀݊ܽ (ଵߤ ߤ) + ܧ The model (6), at	ଶ). Theorem: (i)ߤ = (0,0,0,0) has a trivial equilibrium point while at ܧതଵ = (݇, 0,0, ݇) the disease free equilibrium exists.  
,ܵ)ܬ ,ܧ ,ܫ ܼ) =

ۈۉ
ۈۈۈ
Γۇۈ ቀ1 − ௌቁ − ఉூଵାௌ + ܵ ቀ−  + ఈఉூ(ଵାௌ)మቁ 0 − ఉௌଵାௌ 0

0 ߤ)− + (ଵߤ ఉଵା ఉூ(ଵା)మ0 ଵߤ ߤ)− + (ଶߤ 0
ଵ் 0 0 − ଵ் ۋی

ۋۋۋ
 (7)                  ۊۋ

	

(0,0,0,0)ܬ =
ۈۉ
ۈۈۈ
Γۇ 0 0 00 ߤ)− + (ଵߤ 0 00 ଵߤ ߤ)− + (ଶߤ 0

ଵ் 0 0 − ଵ்ۋی
ۋۋۋ
 (8)    ۊ

,݇)ܬ 0,0, ݇) =

ۈۉ
ۈۈۈۈ
Γ−ۇ 0 − ఉଵା 00 ߤ)− + (ଵߤ 0 00 ଵߤ ߤ)− + (ଶߤ 0

ଵ் 0 0 − ଵ்ۋی
ۋۋۋۋ
 (9)                        ۊ

 (ii) Let ܴ>1, for system (6), a unique positive endemic equilibrium exists at:  ܧଶ = (ܵ∗, ,∗ܧ ,∗ܫ ܼ∗),  when (ܽ(ߤ + (ଶߤ > where ܴ(ߚଵߤ = ((ఓାఓమ)ାఓభఉ)(ఓାఓమ)  is the basic reproduction number and   ܵ∗ = ܼ∗ = (ఓାఓమ)((ఓାఓమ)ିఓభఉ) , ∗ܧ  = (ఓାఓమ)మఓభఉమ (ܴ − 1), ∗ܫ  = ఓ(ఓାఓమ)ఓభఉమ (ܴ − 1),ܴ∗ = ఓమ(ఓାఓమ)ఓభఉమ (ܴ − 1).
  

 

Proof: (i): The first is easy to prove. (ii): The proof of the theorem is easy, when ܴ > 1, clearly, shows the unique endemic equilibrium point. 
3.2.	Local	stability	of	endemic	equilibrium	In this subsection, we present the local stability of the system (6) at the endemic equilibrium point ܧതଶ. In order to do this, in the following we state and prove the results. 
Theorem: The endemic equilibrium point ܧതଶ, of the system (6) is stable locally asymptotically if ܴ > 1, provided that (2ߤ)ߤ + (ଶߤ ≥ ߤ)݇ܽߤ + ଶ)) and (ఓయఉߤ >  .are satisfied (ߤ
Proof: The Jacobian matrix of the system (6), at the endemic equilibrium point ܧതଶ is given by:  ܬ∗ =

ۈۉ
Γۇۈ − ଶఓௌ∗ 0 − ఉௌ∗ଵାௌ∗ 00 ߤ)− + (ଵߤ ఉ∗ଵା∗ ఉூ∗(ଵା∗)మ0 ଵߤ ߤ)− + (ଶߤ 0ଵ் 0 0 − ଵ் ۋی

  ۊۋ
 The Jacobian matrix ܬ∗ gives the following equation (Eq. 10),  ߣସ + ܽଵߣଷ + ܽଶߣଶ + ܽଷߣ + ܽସ = 0,                       (10)  where 

ܽଵ = 1ܶ − ߁ + 2(݇ + ݇ߤ(ܵ + ଵߤ + ଶ, ܽଶߤ = ߤ + ଵܶߤ + ଵ1ߤߚܵ + ܽܵ + ߤ + ଶܶߤ + ߤ) + ߤ)(ଵߤ + (ଶߤ − ൬߁ − ݇ߤ2ܵ ൰ ቆ(ߤ + (ଵߤ + ߤ) + (ଶߤ + 1ܶቇ, 
ܽଷ = − ଵܶߤߚܵ + ܽܵܶ + ߚܵ ቀ߁ − ݇ߤ2ܵ ቁ ଵ1ߤ + ܽܵ − ߁݇) − ߤ)(ߤ2ܵ + ܶ݇(ଵߤ − ߁݇) − ߤ)(ߤ2ܵ + ܶ݇(ଶߤ + ߤ) + ߤ)(ଵߤ + −ܶ(ଶߤ ߁݇) − ߤ)(ߤ2ܵ + ߤ)(ଵߤ + ݇(ଶߤ , ܽସ = ൬߁ − ݇ߤ2ܵ ൰ ቆ(ߤ + ߤ)(ଵߤ + ܶ(ଶߤ + ଵ(1ߤߚܵ + ܽܵ)ܶቇ + ଵ(1ߤଶߚܫܵ + ܽܵ)ଷܶ. 

where  ܳଵ = ߤ) + ଵ),   ܳଶߤ = ߤ) +  ଶ). The Routh-Hurtwiz conditions are satisfied with some sufficient conditions. So, the local stability ofߤ
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the endemic equilibrium point ܧଶ of the system (6) is locally asymptotically stable. 
4.	Global	stability	In this section, we show the global stability for the system (6). We use the method presented in (Li et al., 1996), to obtain the global stability for our model. The disease persistence occurs when the endemic equilibrium is stable globally asymptotically. In such a case, the disease permanently exists in the community. Here, we consider the subsystem of (6),  ௗௌௗ௧ = Γܵ(1 − ௌ) − ఉௌூଵାௌ ,ௗୢ୲ = ஒ୍ଵାୟ − μE − μଵE,ୢ୍ୢ୲ = μଵE − μଶI − μI,                (11) 
 
Theorem: For R > 1, the endemic equilibrium point Eഥଶ, of the subsystem (11) is stable global asymptotically. 
Proof: The second additive compound matrix J∗, of subsystem (11) is (Eq. 12):  

J∗ =
ۈۉ
Γۇۈ − ଶஜୗ∗୩ 0 − ஒୗ∗ଵାୟୗ∗0 −(μ + μଵ) ஒ∗ଵାୟ∗0 μଵ −(μ + μଶ)ۋی

 (12)         ۊۋ
 consider the function:  P = P(S, E, I) = diag(ୗ , ୗ , ୗ),   then   Pିଵ = diag(ୗ , ୗ , ୗ)  P = diag(ୗᇱିୗᇱమ , ། ୗᇱିୗᇱమ , ། ୗᇱିୗᇱమ ),   And  PPିଵ = (ୗᇱୗ − ᇱ , ୗᇱୗ − ᇱ , ୗᇱୗ − ᇱ ),  also, J∗ = PJ∗Pିଵ.  
B = PPିଵ + PJ∗Pିଵ = ൮Bଵଵ BଵଶBଶଵ Bଶଶ൲  

where  Bଵଵ = ୗᇱୗ − ᇱ + Γ − ଶஜୗ୩ , Bଵଶ = (0 − ஒୗଵାୟୗ), Bଶଵ =(0  0),  
ଶଶܤ = ൦ܵᇱܵ − ܧᇱܧ − ߤ) + (ଵߤ 1ܼߚ + ଵߤܼܽ ܵᇱܵ − ܧᇱܧ − ߤ) +  ଶ)൪ߤ

 consider the norm in Rଷ as: 

|(u, v, w)| = max(|u|, |v|, |w|)   where (u, v, w), represents the vector in Rଷ and shows by ℓthe Lozinskii measure w. r. to the norm in (Martin, 1974).  ℓ(B) ≤ sup{gଵ, gଶ}= sup{ℓ(Bଵଵ) + |Bଵଶ|,  ℓ(Bଶଶ) + |Bଶଵ|},   here, |Bଵଶ|,  |Bଶଵ|represents the matrix norm with respect to Lଵ vector norm and ℓଵdenote the Lozinskii measure with respect to the Lଵ normଵ.   ℓ(Bଵଵ) = ୗᇱୗ − ᇱ + Γ − ଶஜୗ୩ ,  Bଵଶ = | ஒୗଵାୟୗ |   and using ᇱ = ஒ(ଵାୟ) − μ − μଵ, and second equation of system (6) we get (Eq. 12-16):  ∴ gଵ = ℓ(Bଵଵ) + |Bଵଶ|,= ୗᇱୗ − ᇱ + Γ − ଶஜୗ୩ + ஒୗଵାୟୗ ,= ୗᇱୗ − ஒ୍(ଵାୟ) + μ + μଵ + Γ − 2μ ୗ୩ + ஒୗଵାୟୗ ,= ୗᇱୗ + μଵ + max{μ − ஒ୍(ଵାୟ) + Γ − 2μ ୗ୩ + ஒୗଵାୟୗ}     (13) 
 ∴ gଶ = ℓ(Bଶଶ) + |Bଶଵ|,= ୗᇲୗ − ᇲ − (μ + μଵ) − (μ + μଶ) + μଵ + ஒଵାୟ ,= ୗᇲୗ − ஒ୍(ଵାୟ) − (μ + μଶ) + μଵ + ஒଵାୟ,   = ୗᇲୗ + μଵ + max { ஒଵାୟ − (μ + μଶ) + ஒ୍(ଵାୟ) ,2μ ୗ୩ − Γ − μ − ஒୗଵାୟୗ + ஒ୍(ଵାୟ)}

          (14) 
 i. e.  ℓ(B) = ୗᇱୗ + μଵ − min{− ஒଵାୟ + (μ + μଶ) + ஒ୍(ଵାୟ) ,ஒ୍(ଵାୟ) + 2μ ୗ୩ − Γ − μ −

ஒୗଵାୟୗ}    (15)ℓ(B) ≤ ୗᇱୗ + μ − ω,    ω > 0,= ୗᇱୗ − (ω − μ),                     (15) i. e. ଵ୲  ℓ୲ (B)dS ≤ ଵ୲ log ୗ(୲)ୗ() − (ω − μ),                         (16)  i. e.  lim୲→ஶsup  sup ଵ୲  ℓ୲ (B)dS ≤ −(ω − μ) < 0.           (17)  Now, consider the limit system,  ୢ∗ୢ୲ = ଵ (S∗ − Z∗),                                                       (18)  based on (19),  Z(t) = eି ౪[Z(0) + ୗ∗  e౩୲ ds],               (19)  
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which implies that  Z(t) → ୗ∗ = Z∗,       as  t →  ∞               (20)  then, we get that E∗is globally asymptotically stable. The proof is completed. 
5.	Numerical	results	In this section, we find the numerical solution of the proposed model (6). For the values, Γ = 2, k =5.7, β = 0.5, a = 0.01, μଵ = 0.4, μଶ = 0.2, μ = 0.2, the positive equilibrium of the system at Eഥଶ is Eഥଶ = (2.45902, 4.6606,2.3303, 2.45902). The eigenvalues of the system Eഥଵ are (-2.,-1.72414,-0.4,-0.2). 
6.	Discussion	and	conclusion	We have successfully presented and analyzed a delay SEIR epidemic (special type) model that contains the information variable, Depending on the present values of the variables of the state. We have analyzed the model and found its basic reproduction numberR. We observed that when R < 1, then disease free equilibrium is stable locally asymptotically and the disease comes to halt in the 

community and an unstable endemic equilibrium exists when R > 1, the disease becomes endemic and will spread in the community. Further, we observed that the value of R at E = (0,0,0,0) the model is unstable and when Eଵ = (1,0,0,0)the model becomes stable. The delay parameter T also affects the endemic equilibrium. The endemic equilibrium is locally stable when, R > 1,together with some conditions. For R > 1, we observed that the model is globally asymptotically stable. For the value of T=0.38, the endemic equilibrium is stable locally asymptotically and unstable equilibrium exists for the value of T>0.38. Moreover, we observed that when T=0.58, the endemic equilibrium becomes unstable. Finally, we have presented the numerical solutions of the model and the theoretical results are justified in the form of Figs. 1 to 4. Fig. 1 is the result of the basic reproduction numberR, when R < 1, a stable disease free equilibrium exists and when R > 1, and unstable endemic equilibrium exist. Fig 2-4, shows the behavior of the model for the suggested values. In Fig. 2, a stable equilibrium exists. In Fig. 3, a stable equilibrium exists only for the case when Γ=6 and T=0.68. An unstable equilibrium exists when T>0.38. Figs. 5-7 show the phase portrait of the model (6).  

 
Fig.	1: When R > 1, the individuals get risk 

 
Fig.	2:	Plot with parameter values Γ = 2, k = 5.7, β = 0.5, α = 0.001,   μଵ = 0.4, μଵ = 0.2, T = 0.38, μ = 0.2 
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Fig.	3: Stable equilibrium exists when Γ = 6 and T	= 0.68 and taking the rest of the parameters are same 

	

	
Fig.	4: Unstable positive equilibrium of system (6), when T	= 0.58  

	
Fig.	5: Phase portrait of the proposed model (6), when T	= 0.38  
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Fig.	6: Phase portrait of the proposed model (6), when T	= 0.58 

	
Fig.	7: Phase portrait of the proposed model (6), when T	= 0.68	
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