International Journal of Advanced and Applied Sciences, 3(7) 2016, Pages: 46-53

§@*"““’

&
{1158}

Contents lists available at Science-Gate

International Journal of Advanced and Applied Sciences

Journal homepage: http://www.science-gate.com/IJAAS.html

L1
-\/
" ‘

Stability analysis of delay seirepidemic model

Muhammad Altaf Khan 1 *, Ebenezer Bonyah 2, Shujaat Ali 3, Saeed Islam !, Saima Naz Khan #

1Department of Mathematics, Abdul Wali Khan, University Mardan, Khyber Pakhtunkhwa, Pakistan
2Department of Mathematics and Statistics, Kumasi Polytechnic, P. O. Box 854, Kumasi, Ghana
3Department of Mathematics, Islamia College University, Peshawar, Khyber Pakhtunkhwa, Pakistan
4Department of Physics, Abdul Wali Khan University Mardan, Khyber Pakhtunkhwa, Pakistan

ARTICLE INFO

ABSTRACT

Article history:

Received 27 May 2016
Received in revised form
21July 2016

Accepted 21 July 2016

Keywords:

SEIR epidemic model
Reproduction number
Global stability
Numerical results

This paper presents the analysis of SEIR epidemic model with time delay. We
assumed that the susceptible individuals obey the logistic equation with
saturated nonlinear incidence term with susceptible. The disease free
equilibrium is stable locally asymptotically when R, <1 and unstable
equilibrium exists, when Ry, > 1. ForR;, > 1, the endemic equilibrium is
stable locally as well as globally. Finally, the numerical solutions for the
theoretical results are presented.
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BY-NC-ND license (http:
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1. Introduction

In mathematical epidemiology, the constructing
and study of models that describe the disease
information about the spread and control the
infectious disease is the most important major
research area of biology. The first who introduced
the model is called the "SIR”, S-I-R (susceptible,
infected, recovered) in 1927 by Kermack and
McKendrick (1927). They described a simple SIR
model in a closed population over time and
incorporated the theoretical number of infected
individuals with a contagious disease. The dynamic
process between the susceptible and infected
individuals is the disease transmission. The analysis
and behavior of the SIR type models is greatly
influenced by which the transmission among the
infective individuals and susceptible are modeled.
Often, the epidemiological models are based on the
so-called mass action (Anderson et al, 1991). The
models, in which realistic transmission functions are
used by authors have faced some problems but
consequently gained much attention (Ruan and
Wang, 2003; Xiao and Ruan, 2007).

Study of mathematical models incorporating the
exposed class plays important role in epidemiology
due to importance of incubation period of such
diseases, like Dengue fever (3 to 14) days. In
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epidemiology the incubation period or latency can be
modeled by adding the exposed class to the model to
understand its behavior and dynamics (Gubler,
1988). In Gubler (1988), the delay SIR and delay
SEIR models and the comparison for the
reproduction number were presented. In literature,
the delay differential equations have been used for a
variety of models such as, SIR, SEIR, SIS and SIRS. An
S-I-S epidemic model with the constant time delay
has been studied by Hethcote and Van den Driessche
(1995), admitting the duration of infectiousness.

Beretta et al. (2001) studied the global stability in
SIR epidemic model with distributed delay which
described the time taking for an individual to lose
infection. Further, with the effect of time delay on
the stability of an endemic equilibrium has been
studied by Song and Cheng (2005). They provided
the conditions in which the stability of endemic
equilibrium exists for all delays. Mathematical
models that describe epidemiology are widely used
for the analysis of global stability of infection free
and endemic equilibrium. Many authors worked on
the infectious diseases such as Berezovsky et al
(2005), Esteva and Matias, (2001) Greenhalgh
(1992), Hsu and Zee (2014), Yi et al. (2009), Zhang et
al. (2008) and the references therein.

In this work, we study an epidemic SEIR model
with the information variable. The work of Kar and
Mondal (2011) motivated us for current study, and
incorporated the E(t) (exposed Class) to our new
model, and studying the model with the new
information variable. By incorporating this class, the
analysis of SEIR model with information variable will
be more interesting for readers and researchers.
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The structure of the paper is as follow: We
formulate the model in Section 2. In Section 3, we
present the local stability for the model. In Section 4,
we find the global stability of the endemic
equilibrium. The numerical solution of the model is
presented in Section 5. Finally, discussion with
conclusion is presented in Section 6.

2. Model constructions

We consider a mathematical model of the type
(Eq. 1):

dt k 1+aS

dE _ PSI _ g _

dat  1+as KE — I E,

dl (1)
o = ME = ppl —pl,

dR

2 = M2l — KR,

with initial conditions (Eq. 2):

S(0)=S5,=20, E(0O)=E, =20, I(0)=1,=
0, R(0O)=R,=0. (2)

Here, S(t) is the density of susceptible within the
population,E (t) is the density of exposed individuals
I(t) is the infected and R(t) is the density of
recovered. u shows the natural death rate of the
population, B represents the disease contact rate and
I' is the intrinsic growth rate. The exposed
individuals infected at a rate of yu; and move to the
class of the infected. The recovery rate from
infection is shown by pu, and kis the carrying
capacity of the susceptible. The saturation term
which measures the inhibitory effect is shown by a.
Here, we use the new variable Z, known to be the
information variable that collects information for the
disease present state, i.e. depending on present
values and some previous values of the state
variables. Many authors used this variable in their
model such as D’Onofrio et al. (2007), D’Onofrio,
Manfredi (2007), Buonomo et al. (2008), Kar and
Mondal (2011). We take the formula (Eq. 3):

Z(6) = [, f (S@),1@)K(t - T)de (3)
here K(t — 7) represents the delaying kernel (Wang
et al, 2014), the distributed delay is t, that shows
for any time t the susceptible, S, the exposed people,
E, and infected people, I can be affected with these
variables S, E and I, possibly, at some previous
timest < 7. In this work, we assume g(S,I) = S, and

1
K(t—r1) = %exp_f(t_r), where T shows the average

delay of the summarized information and also
concerning the historical memory on the concern
disease. With these assumptions, the following
system is presented (Eq. 4):
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E_rsa-3 -2,

dt k 1+aS

dE _ BIZ_ _

at  1+az HE — E,

d

d—i=#1E—ll21—#1, (4)
t

Zt) = [ f S@),I(@))K(t — 1)dx,

dR

2 = M2l —uR,

the system (4) is in the form of the non-linear
Integro-differential system. By transformation, we
can write it in the form of non-linear ordinary
differential equations (Eq. 5):

@=SA-D -5

i_fzﬁlaZZ_HE_”lE’

%=M1E—uzl—ul. (5)
L=2(5-2),

%ZHZI_HR;

in system (5), the last equation is independent of the
rest, so we omit it, because R depends only on I. So
the model becomes (Eq. 6):

L=rsa-H-L£
dt k 1+asS
dE _ BIZ
at  1+az KE — i E,
ar (6)
o= ME —ppl —pl,
dz _ 1
2 -:8-2),
where

T, B, k,a,u,u,, T > 0.
3. Stability analysis

In this section, we present the local stability
analysis of the system (6). In the subsection (3.1), we
present the local stability of disease free and the
subsequent section (3.2) we find the local stability of
endemic equilibrium.

3.1. Disease free stability

The disease free equilibrium point of system (6)
is (Eq. 7).
Theorem: An unstable equilibrium exists for All
T > 0 at E,.
Proof: At the equilibrium point E,, the Jacobean
matrix is (Eq. 8).

The eigenvalues J0(0,0,0,0)
are, I, —(u + puy), —(u + pp) and — % This proves the

associated to

instability of the system at E;.
Theorem: If Ry, < 1, the jacobian matrix at E; is
locally asymptotically stable for all T>0.



Khan et al/ International Journal of Advanced and Applied Sciences, 3(7) 2016, Pages: 46-53

Proof: The jacobian matrix at E; is (Eq. 9). The
eigenvalues associated to Jacobian matrix at E;

1
are,~T, ——, —(u+u) and — (u+ ).

Theorem: (i) The model (6), at E, = (0,0,0,0) has a
trivial equilibrium point while at E; = (k, 0,0, k) the
disease free equilibrium exists.

s BI r apl BS

r (1 - E) " 1tas +s (_ E + (1+as)2) 0 " 1+as 0

Bz B
0 —(p+ )

1+aZ (1+az)?
]O(SIE:I!Z): (7)

0 I —(u+mp) O
1 0 0 _1
T T

/FO 0 0\

Proof: (i): The first is easy to prove. (ii): The proof of
the theorem is easy, when R, > 1, clearly, shows the

10 —(+pm) O 0 | unique endemic equilibrium point.
10(0,0,0,0) = (8)
0 ~tuz) 0 3.2. Local stability of endemic equilibrium
20 0 - : : o
T T In this subsection, we present the local stability
Jo(k, 0,0, k) = of the system (6) at the endemic equilibrium point
-r 0 - 1f’;k 0 E,. In order to do this, in the following we state and
prove the results.
0 —(u+p) O 0 Theorem: The endemic equilibrium point E,, of the
9) syste.rél 86) i; stabl(e2 lo(ca:l_y a;y;npt(;ctécail_y if) ;?0 > la,
_ provided that ulp + ) = pak(p + py an
0 M Utipz) O % > p) are satisfied.
1 0 0 _1 Proof: The Jacobian matrix of the system (6), at the
T T

(ii) Let Ry>1, for system (6), a unique positive
endemic equilibrium exists at:

endemic equilibrium point E, is given by:

]*=

r-< o -
_ / k 1+aS* \l
E, = (S",E" I, Z7), _ 7" pr
2 0 ('u + /11) 14+az* (1+az*)?
when (a(u + py) > u,f)where Ry = % is the ? ! —(utp) 0 )
basic reproduction number and T 0 0 T
§* =7t = (u+uz) The Jacobian matrix J, gives the following
(az(u+uz)—u1ﬁ)' equation (Eq. 10),
B = M (Ry — 1),
Hah 14 + all3 + a2/12 + a3/1 + A, = 0, (10)
« _ ap(p+uz)
I'=——"2*(Ry— 1),
u1p where
« _ Gda(putis) _
R* = " (Ry — D).
1 20k + S)u
G =5 — tu t
L+ SBu | pt ( ZSu) 1
= + + +(u+ ) — (M =5+ p) + () +=),
ay 7 tirast 7 tltudwtp) @t tp) +

2S5,
Spu |, SB(T—T5) i (e — 2500t ) _ (67 = 250G+ 1) | Gt )+ )

% =TT asT 1+aS T o -
(k=250 (u+ ) (1 + 1)
k )
o = (r—@) (1 +py)(p+ py) SBu, SIB?u,
' k T (1 +a9T) " A +as)T

where
Q1=+, Q=+ puy).

The Routh-Hurtwiz conditions are satisfied with
some sufficient conditions. So, the local stability of
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the endemic equilibrium point E, of the system (6) is
locally asymptotically stable.

4. Global stability

In this section, we show the global stability for
the system (6). We use the method presented in (Li
et al, 1996), to obtain the global stability for our
model. The disease persistence occurs when the
endemic equilibrium is stable globally
asymptotically. In such a case, the disease
permanently exists in the community. Here, we
consider the subsystem of (6),

L=rsa-H-L£

dt k 1+as

4 _BZ _ E_

@ = 1eaz  METWE (11)
dl

7= WME —pl—l,

Theorem: For R, > 1, the endemic equilibrium
point E,, of the subsystem (11) is stable global
asymptotically.

Proof: The second additive compound matrix J,, of
subsystem (11) is (Eq. 12):

_ms _ s
r k 0 1+aS*
.= _ BZ* 12
=10 M+ —— (12)
0 M1 —(n+ 1)
consider the function:
Sss
=PS,ED = dlag(E o E),
then
Pl = dlag(E z ;:)
ES/ SEr ES/—SEr ES/—SErs
P; = dia g( 2 TR T gz ),
And
PfP_l = 2—2’2_2’2_2)’
S E’S E’S E
also, J* = PJ*P?!
Bll BIZ
B =PP~! + PJ*P™
! B;i Bz
where
St Er 2us BS
]3‘11—__E'|‘F i:B12=( 1+a5) 21 =
0 0T,
S" E' N BZ
5. |5 E (et p) 1+az
22 — SI Er
t T W)

consider the norm in R? as:
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(W v, w)| =

max([u], |v|, |w])

where (u,v,w), represents the vector in R3 and

shows by #the Lozinskii measure w. r. to the norm in
(Martin, 1974).

£(B) < sup{gy, 8.}
= sup{#(B11) + [By2|, #(Bz2) + [B21l},

here, |By,|, |B,i|represents the matrix norm with
respect to L! vector norm and #;denote the Lozinskii
measure with respect to the L' norm?.

Sr Er 2uSs
4(B11) =5 5tIl-——4
BS
B12 | 1+aS |
. Er Bz .
and using T = @D K — Wy, and second equation

of system (6) we get (Eq. 12-16):

= g1 = £(B11) + |By2l,

_ S BIZ
TS (1+aZ)E

BS_ (13)

1+aS
BS
2u +—}

1+aS

+u+ypu +I— Zu +—

BIZ

S
=3 1 W+ max{p - (1+aZ)E

~ gy = £(By) + |Byl,
Sl l
=5— 7~ (h+m)—
s’ BIZ

= ; ~ Teaps ~ (Wt H) g+

H+p) +py +

1+aZ

_BZ_
1+aZ’ (14)
BIZ

(1+azZ)E’

=—+u1+max{——(u+u2)
1+aZ

BS BIZ )
1+aS = (1+aZ)E

ZHE—F—M—

i.e.

BIZ
tB) =3 + H1 = (1+aZ)E’

BIZ s o
(1+aZ)E+2“k -

{’(B)<g+u—w, w >0,
} ( ) Sr

=5~ (0—p),

(15)

1+aS
i.e.

= [y £ (B)dS < Tlog=2 —

50) (16)

(w—n,
i.e.
limsup sup%fotf (B)dS < —(w — p) < 0. (17)

Now, consider the limit system,

dZ*

= -(S Z.), (18)

based on (19),

Z(t) = eT[Z(0) + = [ T ds], (19)
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which implies that

Z(t)—>%=Z*, ast— oo

(20)

then, we get that E*is globally asymptotically stable.
The proof is completed.

5. Numerical results

In this section, we find the numerical solution of
the proposed model (6). For the values, I' = 2,k =
57,=0.5a=0.01,py =04,p, =0.2,u=0.2, the
positive equilibrium of the system at E, is
E, = (2.45902,4.6606,2.3303, 2.45902). The
eigenvalues of the system E; are (-2.-1.72414,-0.4,-
0.2).

6. Discussion and conclusion

We have successfully presented and analyzed a
delay SEIR epidemic (special type) model that
contains the information variable, Depending on the
present values of the variables of the state. We have
analyzed the model and found its basic reproduction
numberR,. We observed that when R, < 1, then
disease free equilibrium is stable locally
asymptotically and the disease comes to halt in the

community and an unstable endemic equilibrium
exists when R, > 1, the disease becomes endemic
and will spread in the community. Further, we
observed that the value of Ry at E; = (0,0,0,0) the
model is unstable and when E; = (1,0,0,0)the model
becomes stable. The delay parameter T also affects
the endemic equilibrium. The endemic equilibrium is
locally stable when, R, > 1,together with some
conditions. For Ry > 1, we observed that the model
is globally asymptotically stable. For the value of
T=0.38, the endemic equilibrium is stable locally
asymptotically and unstable equilibrium exists for
the value of T>0.38. Moreover, we observed that
when T=0.58, the endemic equilibrium becomes
unstable.

Finally, we have presented the numerical
solutions of the model and the theoretical results are
justified in the form of Figs. 1 to 4. Fig. 1 is the result
of the basic reproduction numberR,, when Ry < 1, a
stable disease free equilibrium exists and when
Ry > 1, and unstable endemic equilibrium exist. Fig
2-4, shows the behavior of the model for the
suggested values. In Fig. 2, a stable equilibrium
exists. In Fig. 3, a stable equilibrium exists only for
the case when I'=6 and T=0.68. An unstable
equilibrium exists when T>0.38. Figs. 5-7 show the
phase portrait of the model (6).

The individuals that get risk

0.8 T T
07F g
06f g
05f g
— 04f g
03f g
02f g
01t ]
OB g ) ) ) ) 4
0 0.2 0.4 06 038 1 12 1.4 1.6 1.8 2
R
Fig. 1: When R > 1, the individuals get risk
Population behavior
55 . .
S
5 E H
I
45 g
4 -
c 35 1
S
©
s 3 1
(=X
g
25 b
2 4
15 i
1 4
0.5 ! !
0 100 200 300 400 500

time

Fig. 2: Plot with parameter valuesI' =2, k=5.7, § = 0.5, a =0.001, p; =04, p; =0.2, T=0.38, p=0.2
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Population behavior
18 T

—S

141 1

Population

0 . . . .
0 100 200 300 400 500
time

Fig. 3: Stable equilibrium exists when I = 6 and T = 0.68 and taking the rest of the parameters are same

Population behavior
6 T T

—S

Population
w

0 . . . .
0 100 200 300 400 500

time

Fig. 4: Unstable positive equilibrium of system (6), when T = 0.58

(b)

()

o

©

Fig. 5: Phase portrait of the proposed model (6), when T = 0.38
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(@)

Fig. 6: Phase portrait of the proposed model (6), when T = 0.58

(@

(b)

Fig. 7: Phase portrait of the proposed model (6), when T = 0.68
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